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Stone duality

Stone’s representation theorem for Boolean algebras [Stone, 1936]:

Boolean algebras are dual to Stone spaces (= compact Hausdorff spaces

with a basis of closed open sets).

BA ∼= Stoneop.
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From the late Thirties: various dualities for the category KHaus of

compact Hausdorff spaces and continuous functions.

They associate to a compact Hausdorff space X :

1. Continuous functions from X to R (or C or [0, 1]).

Motivations: represent structures of interest in functional analysis /

many-valued logic.

2. Subsets of X .

Motivations: do an algebraic approach to compactifications / obtain

a logical calculus for compact Hausdorff spaces.
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Dualities via subsets



The posets of open subsets of compact Hausdorff spaces can be

characterized as the compact regular frames.

Theorem ([Isbell, 1972])

The category of compact Hausdorff spaces is dually equivalent to the

category of compact regular frames.

Now one can obtain an equivalence for compact regular frames and

compose it with Isbell’s theorem to obtain a duality for compact

Hausdorff spaces.

KHaus←→ KRFrm←→???

Isbell’s theorem takes care of the hard work of passing from a space to a

pointfree structure.

[de Vries, 1962] obtained a duality associating to X ∈ KHaus the set of

regular open subsets of X . Hindsight: it factors through

KHaus↔ KRFrm.
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KHaus is equivalent to a category whose object are first-order defined

structures and whose morphisms are certain relations ([Moshier, 2004],

specializing [Jung, Sünderhauf, 1996], building on [Smyth, 1977]).

Theorem ([A., Bezhanishvili, Carai, 2022])

KHaus is dually equivalent to the category of S5-subordination

algebras.

An S5-subordination algebra is a pair (B,≺), where B is a Boolean

algebra and ≺ is a binary relation on B satisfying certain first-order

axioms. The morphisms of S5-subordination algebras are certain

relations.

(The functors can be obtained composing the duality KHaus↔ KRFrm

with a restriction of an equivalence for continuous domains

[Vickers, 1993].)
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Dualities via real-valued

functions



Dualities for KHaus:

� [Gelfand, Kolmogoroff, 1939],

� [Krein, Krein, 1940],

� [Kakutani, 1941],

� [Stone, 1941],

� [Yosida, 1941],

� [Gelfand, Neumark, 1943].

[Stone, 1941]: KHaus is dually equivalent to the category of

Archimedean metrically complete divisible lattice-ordered groups with

strong unit.

[A., Marra, Spada]: duality for Archimedean metrically complete divisible

lattice-ordered groups with strong unit.
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[Cignoli, Dubuc, Mundici, 2003]: duality for locally finite MV-algebras.

[Marra, Spada, 2012]: duality for finitely presented MV-algebras.

M. A., L. Spada. (2022).

Are locally finite MV-algebras a variety?

Journal of Pure and Applied Algebra, 226(4):106858 (2021).

M. A., F. Di Stefano, L. Spada. (2020)

Unification in  Lukasiewicz logic with a finite number of variables.

Information Processing and Management of Uncertainty in Knowledge-Based

Systems, 1239:622-633. Springer International Publishing.
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Stoneop BA

Set

≃

homStone(−,{0,1}) forget

KHausop (a variety)

Set

≃

homKHaus(−,[0,1]) forget

Theorem ([Duskin, 1969])

homKHaus(−, [0, 1]) : KHausop → Set is monadic.

7



DL := category of bounded distributive lattices.

Priestley := category of Priestley spaces.

Priestleyop DL

Set

≃

homPriestley(−,{0,1}) forget
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Stone sp. : compact Hausd. sp. = Priestley sp. : compact ordered spaces.

Introduced by [Nachbin, 1965].
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CompOrd := category of compact ordered spaces and continuous

order-preserving functions.

CompOrdop (a variety)

Set

≃

homCompOrd(−,[0,1]) forget

Theorem ([A., 2019], [A., Reggio, 2020])

homCompOrd(−, [0, 1]) : CompOrdop → Set is monadic.

M. A. (2019).

The dual of compact ordered spaces is a variety.

Theory Appl. Categ., 34(44):1401–1439.

M. A., L. Reggio, (2020).

On the axiomatisability of the dual of compact ordered spaces.

Appl. Categ. Struct., 28(6):921–934.

Thank you!

10



References i

Abbadini, M. (2019).

The dual of compact ordered spaces is a variety.

Theory Appl. Categ., 34(44):1401–1439.

Abbadini, M., Bezhanishvili, G., Carai, L.

A generalization of de Vries duality to closed relations between

compact Hausdorff spaces.

Preprint at arxiv.org/abs/2206.05711.

Abbadini, M., Marra, V., Spada, L.

Stone-Gelfand duality for metrically complete lattice-ordered

groups.

Preprint at arxiv.org/abs/2210.15341.

arxiv.org/abs/2206.05711
arxiv.org/abs/2210.15341


References ii

Abbadini, M., Reggio, L. (2020).

On the axiomatisability of the dual of compact ordered spaces.

Appl. Categ. Struct., 28(6):921–934.

de Vries, H. (1962).

Compact spaces and compactifications. An algebraic approach.

PhD thesis, University of Amsterdam.

Duskin, J. (1969). Variations on Beck’s tripleability criterion.

In: Mac Lane, S., editor, Reports of the Midwest Category

Seminar, III, pages 74–129. Springer, Berlin.



References iii

Gelfand, I., Kolmogoroff, A. (1939).

On rings of continuous functions on topological spaces.

C. R. (Dokl.) Acad. Sci. URSS, n. Ser., 22:11–15.

Gelfand, I., Neumark, M. (1943).

On the imbedding of normed rings into the ring of operators in

Hilbert space.

Rec. Math. [Mat. Sbornik] N.S., 12:197–213.

Isbell, J. R. (1972).

Atomless parts of spaces.

Math. Scand. 31:5–32.



References iv

Jung, A., Sünderhauf. P. (1996).

On the duality of compact vs. open.

In Papers on general topology and applications (Gorham, ME, 1995),

volume 806 of Ann. New York Acad. Sci., pages 214-–230, New York.

Kakutani, S. (1941).

Concrete representation of abstract (M)-spaces. (A

characterization of the space of continuous functions.).

Ann. of Math. (2), 42:994–1024.

Krein, M., Krein, S. (1940).

On an inner characteristic of the set of all continuous

functions defined on a bicompact Hausdorff space.

C. R. (Doklady) Acad. Sci. URSS (N.S.), 27:427–430.



References v

Moshier, M. A. (2004).

On the relationship between compact regularity and Gentzen’s

cut rule.

Theor. Comput. Sci., 316(1-3):113–136.

Nachbin, L. (1965).

Topology and order, volume 4 of Van Nostrand Mathematical

Studies.

D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.- London.

Translated from the Portuguese by Lulu Bechtolsheim.

Smyth, M. (1977).

Effectively given domains.

Theoret. Comput. Sci., 5:257–274.



References vi

Stone, M. H. (1936).

The theory of representations for Boolean algebras.

Trans. Amer. Math. Soc., 40(1):37–111.

Stone, M. H. (1941).

A general theory of spectra. II.

Proc. Nat. Acad. Sci. U.S.A., 27:83–87.

Vickers, S. (1993)

Information systems for continuous posets.

Theoret. Comput. Sci., 114(2):201–229.

Yosida, K. (1941).

On vector lattice with a unit.

Proc. Imp. Acad. Tokyo, 17:121–124.


	Dualities via subsets
	Dualities via real-valued functions
	Appendix

