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Classical propositional logic has an algebraic semantics:

formulas modulo provable equivalence

4

Boolean algebras

Stone duality turns this into a spatial semantics:
Boolean algebras ~°P Stone spaces.

Algebras of formulas <, Spaces of models.
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A very handy feature of Stone duality:
free algebraic constructions become very explicit on the

spatial side.
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A very handy feature of Stone duality:
free algebraic constructions become very explicit on the

spatial side.
For example:

(o)
free Boolean algebra on X &y X
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This is also reflected in coproducts.

Boolean algebras

coproducts
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This is also reflected in coproducts.

Boolean algebras Stone spaces

coproducts products

Various logical problems are algebraic questions about colimits

(e.g.: interpolation / amalgamation).
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There is a first-order analogue of this picture.

Classical propositional logic Classical first-order logic
Boolean algebras Hyperdoctrines

Stone spaces Polyadic spaces
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There is a first-order analogue of this picture.

Classical propositional logic Classical first-order logic
Boolean algebras Hyperdoctrines
Stone spaces Polyadic spaces

Again: algebras of formulas <= spaces of models, this time

modulo elementary equivalence.
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Bring the useful features of Stone duality from proposi-

tional logic into first-order logic.

In particular:
explicit duals of free hyperdoctrines.

(This will likely lead also to explicit dual descriptions of colimits of
hyperdoctrines.)

Motivating example: in logic on words, coming from automata theory, a
dual free construction was indeed developed; see the Reutenauer-type
theorem in

@ Gehrke, Petrisan, Reggio (2017). Quantifiers on languages and codensity monads.
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Stone dual of Herbrand’s theorem.

Herbrand's theorem is a partial description of free hyperdoctrines:
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Stone dual of Herbrand’s theorem.

Herbrand's theorem is a partial description of free hyperdoctrines:

first layer of quantifiers in free hyperdoctrines.

Provability of
existential formulas

in terms of provability of
quantifier-free formulas.
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For ¢(x) a quantifier-free formula,

F 3x o(x) <= there are ground terms cy, ..

Fo(er) V- Vo(en).
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For ¢(x) a quantifier-free formula,

T F 3xp(x) <= there are ground terms cy, ..., ¢, such that
TE(e)V---Ve(cn).

It holds relative to any universal theory 7 (i.e., axiomatized by

universal closures of quantifier-free formulas).
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In this talk we present the Stone dual of Herbrand's theorem:
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In this talk we present the Stone dual of Herbrand's theorem:

description of the
space of models modulo satisfying the same existential

formulas

in terms of the
space of models modulo satisfying the same quantifier-

free formulas.
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In this talk we present the Stone dual of Herbrand's theorem:

description of the
space of models modulo satisfying the same existential

formulas

in terms of the
space of models modulo satisfying the same quantifier-

free formulas.

First step towards a dual description of free hyperdoctrines.
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For the talk: only relation symbols, no equality.

Fix a universal theory 7. (E.g.: the theory of preorders, the theory
of directed graphs.)
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For two models M, M’ of T, we write

M =5 M <= M and M’ satisfy the same existential sentences.
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Example:

» L :={R}, R unary;
> T =0.

Models of T
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Models up to =3:

) ©0O0
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Models up to =3:

) ©0O0

We will express this set in terms of the space of models up to

quantifier-free equivalence.
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For X a finite set, an X-pointed model of T is
(M, pu: X — M).

T

model of T function
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For X a finite set, an X-pointed model of T is
(M, pu: X — M).

T

model of T function
For 7 = & in the language {R (unary)}, an {x}-pointed model is:

M

{x} —
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For X a finite set, an X-pointed model of T is

(M, pu: X — M).

T

model of T function

For T = @ in the language {R (unary)}, an {x}-pointed model is:

M
x} —

(M, ) =5 (N,v) <= they satisfy the same quantifier-free
formulas with free variables in X.
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§éq.f.
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§éq.f. =q.f.
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So, for this T,

X-pointed models of 7 11

P(X).

=q.f.
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FinSet°® — Stone
X-poi Is of
R {X-pointed models of T}

X —_—
=q.f.

For T = @ in the language {R (unary)},

{pointed models of T}

=q.f.

=~ P: FinSet®® — Stone.
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Our main contribution (Stone dual of Herbrand's theorem): for a

universal theory T, we describe the set (in fact, the Stone space)
{models of T}
=3
in terms of the functor

{pointed models of T}

=q.f.

: FinSet°? — Stone.
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For example, for T = & in the language {R (unary)}, the set

) ©0O0

should arise from the functor

{pointed models of T}

=q.f.

>~ P: FinSet®® — Stone.
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Theorem (The Stone dual of Herbrand's theorem)

For a universal theory T (in a relational 1-sorted language without

equality), the set
{models of T}

=3
is in bijection with the set of subfunctors of

{pointed models of T}

=q.f.

: FinSet°? — Stone

that map finite products of FinSet? to quasi-products of Stone.

Quasi-product := the morphism to the product is surjective.

Marco Abbadini 20 / 24



Concretely, a subfunctor of
P: FinSet°®? — Stone,

mapping finite products to quasi-products amounts to giving, for
each X € FinSet, a subset

S5x C P(X),
so that

1. (preimages) for f: X — Y and A € Sy, ffl[A] € Sx;
2. (disjoint unions) for A€ Sx and B € Sy, ALIB € Sx.y;
3. (empty set) @ € Sg.
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{e} X=g,
o X#@

O 0 0 O

Sx=P(X)  Sx={X}  Sx={o} Sx—{
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In conclusion

Marco Abbadini 23 /24



Stone dual of Herbrand's theorem: for a universal theory 7T, we

describe the
space of models of T modulo satisfying the same existen-

tial formulas

in terms of the
space-functor of pointed models of T modulo satisfying

the same quantifier-free formulas.
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in terms of the
space-functor of pointed models of T modulo satisfying

the same quantifier-free formulas.

> With equality: same construction.

> We also allow function symbols and multiple sorts.

We dualized the notion of “universal ultrafilter”, used in our

hyperdoctrinal version of Herbrand's theorem:

@ Abbadini, Guffanti. Freely adding one layer of quantifiers to a Boolean doctrine.
arXiv.
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Stone dual of Herbrand's theorem: for a universal theory 7T, we

describe the
space of models of T modulo satisfying the same existen-

tial formulas

in terms of the
space-functor of pointed models of T modulo satisfying

the same quantifier-free formulas.
> With equality: same construction.
> We also allow function symbols and multiple sorts.

We dualized the notion of “universal ultrafilter”, used in our

hyperdoctrinal version of Herbrand's theorem:

@ Abbadini, Guffanti. Freely adding one layer of quantifiers to a Boolean doctrine.
arXiv.

Obrigado!
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