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Archimedean MV-algebras are MV-algebras which are
isomorphic to a subalgebra of [0, 1]%, for some set X.

Archimedean MV-algebras may be endowed with a canonical
metric d, which, in any representation ¢: A — [0, 1]X, coincides
with the supremum distance.
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We denote by MV sc the category with
1. objects: archimedean Cauchy-complete MV-algebras;
2. morphisms: MV-homomorphisms.

Theorem (Main result)
MV uc is a variety of algebras.

(We admit operations of infinite arity.)
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Definition
Let (X,d) be a metric space. A sequence (X;),en—{1,23...,} is said
to be super-Cauchy if, for every n € N, we have d(x,,, X,41) < 274%

Lemma
Let (X, d) be a metric space. Then (X, d) is complete if, and only if,
every super-Cauchy sequence converges.

Idea
Add an operation « to the set of MV-operations of countably
infinite arity, together with some new axioms, so that

1. any model is an archimedean MV-algebra,
2. v maps super-Cauchy sequences to their limit.
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The intended interpretation of v is of the following form.
7(“17a27a37 s ) = nlggopn(ﬂla s >an)

where

1. for every n € N, p, is an MV-algebraic term,

2. (pn(a1,...,an))nen is a super-Cauchy sequence,

3. If (an)nen is a super-Cauchy sequence, then, for alln € N,

on(ay, ... a,) = ay.

If we find a sequence of MV-algebraic terms (p,)ncn that
satisfies (1), (2), (3), then  is well-defined on any
archimedean Cauchy-complete MV-algebra, and maps
super-Cauchy sequences to their limit.
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For n € N, define the MV-algebraic term
Ou(x) == x A (1 — (2" — 1)x).
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Important properties of 6,,.
If A is an archimedean MV-algebra, we have
1. forevery x € A,
1
n+l )

2. for every x € A such that ||x|| < Zy,lﬂ,

162 ()] <

O, (x) = x.
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Let A be an archimedean MV-algebra. For any a;,a, € A, we
have
i = (1 @ (@2 ©m)) © (m © a2).

What happens if we consider a slight modification of the
right-hand side?

pa(ar,az) = (a1 © 01(a2 © a1)) © 01(a; © az).

8/16



p2(a1,a2) = (a1 © 01 (a2 © a1)) © 01(a1 © a2).

1. Ifd(a1,az) < }I, then py(a1,a;) = ap.
2. In general, d(pz(a1,a2),a1) < i.
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pi(ar) = aq,
P11, o ane1) = (pu(ar, ..., a0) D00 (a7 116a,)) 90, (a,Say11).
1. For every n € N, p, is an MV-algebraic term.
2. (pu(a1,...,an))nen is a super-Cauchy sequence.
3. If (a,)nen is a super-Cauchy sequence, then, for alln € N,

pn(ay, ... ay) = ay.
Then, in any archimedean Cauchy-complete MV-algebra,

7(”1761276137 e ) = nli)rgopn(ala s 7an)

is well-defined, and maps super-Cauchy sequences to their
limit.
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THE VARIETY MV 5

Operations

Operations of MV-algebras, together with an operation vy of
countably infinite arity.

Axioms
0. Axioms of MV-algebra.
1. v(a,a,a,...) =a.
2. y(61(a),02(a),05(a),...) =0.
3. (Foreachn € N) d(v(a,a2,a3, ... ), pu(a1, - .., a,)) < 5.

Every archimedean Cauchy-complete MV-algebra satisfies the
axioms.
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Lemma
The axioms

1. v(a,a,a,...)=a;

2. v(61(a), 02(a), 03(a),...) = 0.
imply the archimedean property.

Proof.
Let a be infinitesimal. Then

0=~(01(a),02(a),0s(a),...) =~(a,a,a,...) =a.
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The axiom

3. (Foreachn € N) d(v(a1,a2,a3, ... ), pu(a1, - .., a,)) < 5.
implies Cauchy-completeness, and ‘defines’ v as the limit of
(Pn)nen-

13/16



Let U: MV Ac — MYV be the forgetful functor from the variety
MV ¢ to the variety MV of MV-algebras.

Theorem
1. U is full and faithful.

2. U is injective on objects.

3. The image of U on objects coincides with the class of archimedean
Cauchy-complete MV-algebras.
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CoNcCLUSION

Recall: MV yc is the category with
1. objects: archimedean Cauchy-complete MV-algebras;
2. morphisms: MV-homomorphisms.

Theorem (Main result)
MV uc is a variety of algebras.
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Thank you for your attention.
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