
RECAP

Algebras of farmlan> Spaces of models
-

cot . dual .
Class

. prop . log . Bool. alg >
Stone spaces=

of a cat - duality

Baby variou : Repr .
Theorem

-
Bool. alg:ndedi.
#> most of

ho finite capan : V
,
o

,
0
,
1 11CB;V 00 I ↳ Fab,can (bud)=(mb)v(anc)

infin :1
,
1

ve v1 v

for all aB
,
za is a complement of a
- Il

iff"b in a complement ofaavb



A Bool, olg .
in completely determined by its partial order

In a banded distr
.
Lattice, each elem

.

has at most one complement :

I
.
E . : for all a ,b ,b'eL &

arb=12 bab netanb = 0

avb' = 1 ↑
and = 0

I ( THERE MIGHT NOT EXIST A COMPL
.
In A(BOUNDED DISTRIBUTIVE LATTICE

-> this in a lauded distribulattice Carry chairs in a diste
. Lattice)
~x) for every set X,EXAMPLE

/
of

To check that it in a Bool . My ,
it sufficer to notice thatBoolaly.

PETT8 , that 2 is a Bool , ulg , and
that Boot , elge are closed made

xzY moduct Cand inproplim) , by theeay,directionae



EXAMPLE of BOOL . ALG THAT IS NOT A POWERSET

Take X any infinite set , and take
XY in finite
↑

FC(X): <YEX/Y in finite or ofinite) -

This in a Booton oly . With ca particl onda) ,

because it in closed under U, vi , P,X , i . e. because

FC(x) in a cubalglis of P(X).gla of a Bool.
To observe that FC(X) in not iconpuplic to I in a shet AEB e

.

t.

any powenct , we may
obseve that · 0

,
1. A

& IFC(X) i not complete : inded meconwite - X,yea = XVyEA
infinite

· xA = TxeA
X =E ,

and the L
E5y3/yex3 hos no spence.

in a
Bool . Aly.

Instead
, P(Y) in completefron

sholy. of a Bod . oly.

the cosy
direction of C( By Binkhoff ! Theore



If X is comtable (meaningoety), another way
to
argue thatof N &

FC(X) in not isomaphic to any powerst in by conduality :

· FC(x) in countable

· No power
set in countable.



We home seen that every salolyele of a power set in a Book My.
Stone's Rep .

than cas
thata Bod

, algeous are of thi form.

Stone Reyn . Than (1936)
-

EveryBool . Alg .B in iron .
To a culty of P(X) for some setX.

(We will soon
see the proof)

Idea : think of el . of B as farmla Def A Boo . hom
-

Think of X = ext of models. A-Az in a

↳
Take X = hom (B

,2)
function c.

t.

f() = 2

Equivalently , we can take the set of f(xny) =f(x)1f(y)
ultefilter of B. f(x)= f(x)

f(d)=0( f(xvy) = f(x) - f(y)))
ULTRAFILTER = FILTER WHOSE COMPLETENT IDEAL~

↑ - closed -
&

↓-closed
· dold under 1

,
1 closed under v, 0



Exers
- Given a Boolwy .

B
,

there in a bijection
hom (B

,2) ) Ut(B)
f : B= 1 8323]

NO HISTORICALI: -ACCURACYU CLAIMED

E. If
B in aSte Boo olg ,therebijection th

↓

Def (Lenzipper,Denseitur, S cent. BC)
ut (B) => Gatom of By-Aratom in

a

iy
in+ n
L

&

↓->> min( F An atom of aBod . AlgWI
a MINIMAL

&

↑ - &

it exist because

ite and
closed
↳of

is an element a B not .

visf Lender finte meet

In general , for
a sponsibly infinite Bookaly. we have an injection

· (Non-Nuc) abo (a)
· (MINIMAL

ut(B)< ator of BS There is no b +Bc .

t -E That↓
↑a-19 strafilter ach

.

which may fail to be subjective , i
.
e- there are withoutMinim :



Come canhow that i ultrafilte of a Boil
, wly .

B is of the form th
,
then a in an atom)If an

The ultrafilter of the form Mo for some element acB (which must necessarily be an atom)
are called PRINCIPAL ULTRAFILTERS

In P(X) , the atome one
theingletons= forary xeX , MX3 in an ultrafilter,

XI

S
&

Theorn" 4yXY]

(An a consequence of the "Borlan Prime Idea
,
that we will prove

later on in this

Lecture
,
wherever X in infinite , P(X) has come -mincipal ultrafilters. -

However this in montinil fact, because the Boolean Prim IdealTheorn nontrivial

To see
another example of a normincipal

ultrafilter of FCCN)
↳For every nex MM = [VEFC(N) /nex]

in an ultrafilter.
↳ I cofinite subset of N3 in an trefilter .
EXERCISE :There are no other ultrafilter.



We are finally ready to prove

Stone's RepresentationTheorem for Boolean algetos (1936)
-

Every Boo . alg .B in iron .
To a suly. of P(X) for some setX.-

Equivalently, there in an injective homomorphism B2P(X) for come set X.

Proof
-

Set X : = net (B).
Let we define a function

Mis : B -
P(ut(B)

e> [vever/bevg.
and let me prove

that it is

1) a Bool
.

hom
.

(EASY)

2) INJECTIVE (HARD)



1) Wectout by moving that us in a Bool . hom
,
ie
. %o Maeres 1, 1,

O Mis(1) ult (B)
Il 12-vince I belonge to any filter.

Erect (B)/ < eV)
· Mp(x1y) = yz(x)Mp(y)

Il

Svenet(B)/xyc Set()(xv3 Brevet(B) yeu
1) " -XU

Xnyel yel
because filter de

upwards closed.

-) V => X1yeU become any filter
in closed under 1.



· YB(2x) = ut(B) - MB(x)
1

I

EU let (B) (x ou)
? WSUEU()/x
-- \r = Ue(B)(x yv]

for any strafilte , for every x &
exactly a between X andx belange to this

ultrafilter

)Tremain to more
that Mos in injective,

suppors a
,
beB one such that a3·

We shall move that MB(a) = Mp(b)
·

Everlau
*

sunet(s)/een]



We look for an ultrafilter that contain one between a and b
but not the other one.

atb = ab a ba. These Two conditions are perfectly
symmetrical .

WLOG (without hos of generality)
we can support⑭ ab

So
,
let m suppor ab.

We look for an ultrafilter U.. t .
neU
,
beU.



To dono
,
we more I'm our cose

,
we will use

the Boolean Prime Ideal Thu
H (Boolean Prime Idea Theorem) by setting
Let B be a Bool-alg , let Flea filter S

F : = To

let I be an idealunch that Land F I :
=

I onl diejoint I FrI =0 because otherwis
Then

,
there in an ultrafilter U ..

t. FU
there would be xzFnI=Tantl,

I and U . I=. butthen a1b which

contradicts a b
B -

(Applying
the Bod

.
Pr

.

Id
.
Thus to

~ Our setting willgive onF

- ultrafilter
U.. C.

v
I ↑a Wand the V=0[ &

↓- H beU .

O I
We get the desired ultrafilter .
neU

This will finish SRT's moof↓



Proof ofThe Boolean Prime Ideal Theorem
zom's lemme

Idea : We progressively JetP he a post it.

enlage the filter
F and the

ideal I
,

still keeping The
①

Pic morempty
[ has· every morempty chain

until they are co lig That· I &

an upper
found

(toll
disjointmen between the Two ↑

They cannot be enlarged anymore, salset
Then we will prove that they are in an ultrafilter.

Then, P has a maximal elementcomplimentary ,
and ce the filter L

PI (G,5)/ filea Lzoms lemma in equir To the Ax . of Choice-

FC2
ordered by componentwise inclusionI I ? J Y (6,5) = (6'j) iff

GEC"

-

anjfe JEJ"

Nextstepa that P satisfies the hypothesis of zoen's lenna.
This will give a maximal element (U,

⑬ Show that Vandk one complimentary, and so
U in an ultrafilter.



⑰
·P ,

become : (F, +P .
· Wehow that everynonempty chain har an upper

hand.

Let S & P be a nonempty chin

Filesa
Then consider VG

, UT( (G,3)e (G
, j)eS (

Weshell move that
it belonge to P , i . e.

· US in a filter
, Est Amionof

a moni
family of

(G,5) ES
filter in a filter.

D UJ in an ideal SIMILARLY
FOR IDEALS.(G

,j) ES



· F=UG u Sto ,
cottne in a chists +

(G,5) ES FEGE VG
(G,5)eS

· I UJ ex Analogan .
(a ,DES

· Ges)1( =0.E
Let me prove

it.

suppor by controduct .
there inx)

there one (G
,
JES , (G, 52)eS

c . t . xG
,

x e Jz
WLO0 : (G1 ,51) = (G2, 52) ·

then seeGEG
T CJ2 contraditio

Sin tot . and
with Gn]=%.



We have proved it belongs to P.

Ces)1 (MP
And it clearly in an upper

loud for S.

So, we can apply Zoni , Cemme.
-> 4 has a maximal element. (U

,K)
⑬

We want to more that
w

F in an ultrafilter;
U

it in enough to move-- UrK = B Since me already know Unk=0O and that w is a filterE ( and K in an ideal
(



To
move UrK= B,

let un suppor , by way of contradiction,
that

-there in x Bi (UVK), ~
·X

and let un reach a contradiction -
By moximality , we know that O
· (filtergeneratebyVodk P , ie . Unk
-

-

- Fretation In a poset X , for YIX
/

· (V, idea gen . by Kand],
P
,

i
.
C. Unk+ 0 +y : = (xexyey : yex]

~ !R := V [Rves/kek) -



Unk+y=
ther is . e Unk

VI

M1x for come n +V

Since MEK

Up

M1X,

Unk the in

herMwe have unxek

x for some kek , because k"=k

REV2 krxeU

hix
MeV, kuxeU =

un(krx)zV2 contradicte

11 by distributivity /
(k)v()k -

Unk =0

EK EK

because unk=kek



In conclusion
,
Kull =B
,
co V in an ultrafilter.

#-FU
,
knU=) valt -IEK OIThis finishes the prof of -

the Boolea Prim Ideal thm.

~

And so the
proof of store- Repe . Theorem is also complete.

Stone's requesentat, on the -> cannot be moven in EF -#
Bool

.

Prime Id . than -
- im EF)/The Boolean Primelded theorem (a the Store's reprsentation them, which in equindent

strictly weaker than the axiom of choice meaning thatin /
T

it follow from the AX. of Choice, let not
nice verse : the Axion of Choice cannot

be proved from The Boolean Prime Ideal

So
,
Stone's Repr . Thm andThe Boolean Prime Ideal theore are a week form of the oxion

of choice.



The representation of aBoolean algebra as a subalgebra of a powerset in not unique.
-40,1)E. g.: " 2-> P((x) i :2 P((x,y3)
1-> [x] 1-> [x,y]

or 0 or o-This in the "canonical" one : This in not "comonical"
it in the one given by

the proof it in not "reparatediaseparate X andy"of Stone's Reques . Theorem. The image of
that the canonical representation caticities :"Separation" innotTheonlypoputaActne)"

↓FC(N)-PN)

I
·FCN)X +-> X 3Is is the canonical one !
It is compact & every cover of
Nugel by elements in the image
of I has a finite shcoven .

SPOILER :
SEPARATION and COMPACTNESS CHARACTERIGE CANONI Cl REPRESENTATIONS



A natural setting in which to telle about reparation and compactier
inThe setting of topology.
This will lead to the motion ofStore space.


