
34Lecture

LAST TIME : 2026
.
02
.

18

Stone's Rem .

The

MB B> Plut(B) I
HOM SEASY)

b-> [UEUet(B)/bEUS INT (HARD)

S
Boolean Prime Ideal Theorem

⑤--I



Separation by Ultrafilter Theore
For a

,
beBuithotb

,

there in an ultrafilter containing
exactly one between o and b.

From a
cet-theoretic perspective

-> Every Bool , Tully of a pornet in
a Bod

. algha (SOUNDNESS) E
-> Stone's RT

care
that the bit of oxious

in complete (COMPLETENESS)
-

i
.
e.NreT vid=1

LOGICAL Form(f)
· For any theory T in a propositional langage to

-

74 mean that
For(ET inmmolT

F(y)=v(i) .



LINDEMBAUM-TARSKI ALGEB ASSOCIATED TO T

Fom(2) in a Bool alg. 2Form(yd

ET
(SOUNDNEss) ~

convenely , any Bool
. My ,

in isomaplic (Completeness)
To Form for some T

,
G.

-beforeproving it , ExamelesT

2 =Fom(f) wil S = 0 For 10=0,
or1

,
2012,

- &

T = oEy

↑
0
I

1 #



J = [N) Fomle = 10, 1 , 7p ,1, pur,... ?/ T = 0
L

The Trinid Bool, olf L = any I 2
=0

⑳ ↑ = For 12) T= 40)

There an no model of T.

Fom)Y A
&

O

Andso any two formber ide

FT



FC(N) = Efinite/cofite ,whet of NI Y y

b =S po,p......
"( -y)u(y +x)

Il

: iii
-

....

for it; < ingj)
Gxvy(n(yvx)

**

T = ( < (pinpilli + i)
LetB be a Bool , olg .

How to find 2
,
7 c .

t.

·Bu Form(8 ? T X=R

· for any xB, TBX [x
7 :B->B

2 : =B -I & for any x,yeB, (XyE(xiy) i for the
· 1. I synt (2)

X

TBX



CLAIM : Bu Form (GEr 1941,Aly Set
-

BForm (B)#> Fomly
For

↑

↳ Form (4)

Proof

NueB

iteven a diagram in E-Aly. &AC with f andgmy.
2Fom(2)

1f
If , for all ade A ut

,

we
B

we have f(a) = f(a)
#

y(al =g(a) Ag+ (I
then then in an in B=( making the diagram commutef



IN VITW OF THISLOMN, TO PROVE BEFORStY/In
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# ("HASD") Let a more
the contrapositive
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B B containg one between

it(y) and (4)
buttot the other one

,

i
.
e. There is a homan.

v : B-8 e .
t.

~ (it(y) + v(id(y)
crim : = (y) + =(4).

By uniquene in the unir. prop.
of the unit.S
ve No id

.

This finisher the
Claim

.



2 -> 0(x)

I
i : 2> 0(4x,g)
O-

1- <x,g)

SEPARATED NOT SEPARATED

-
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SPOILER : SEPARATION COMPACTNESS

CHARACTERIZES

CANONICAL REPRESENTATIONS.
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Gours (Comenical repr . in "compact")

/Let Ble a Bool alg. MB(b)

Every cover of USt(B) by GO "BlesI CGelements of the form MB(h) (fEB)
has a finte culcoveI ult (B)

Spor For every ultrafilter V , FicI : VeMrz(h)
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StoneI Book. Aly.

Given a top space X, we have a Bool . Alg.



Schopen of X3 EXAMPLE : Im a disnute space
:

I every subset in chopen
Clopm= closed and open In [0,1] [91] %.

Im [01] - [2,33 : %, [0,17, [23],[0,1)-[2,3]

/.....
the clopens : for even finite subut z of N-S03,

3/mez3 is a clopen
,

and also its complement.

EX : these are the only clopen.

Clop(x) = Fc (n)
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NON-EX : Ex, y? indicate (Arne : 0
,
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Amoces [0,1]
Any infinite discute space.

Store spee>
Bool

. Aly
XM Clop(x)

Wet(B)=T B

We topologize Ut(B) , making ita
Stone space, with the Store Topology:

The family(mp)/bcB) in closed

GOunder finte intersection, so it ⑳ ut(B)Gform a loix for aTopology . ⑧MB(b)



Stem topology := the topology generated by the rets of
the form Mplb) , be

net of 1

arlitary unions of elements of the form M3/h).

↑(N)g
LEMMA

Telt (B) with the stone top, is compact-
[Proof : to check compaction , It in enough to check it on a tosis.

THISis "The comonical representation in compact"

EIMM open of UC(B) are piely the set of the form

↳) , for bes
#Exercise



LEMMA : UCT(B) in totally separated
-

/Roof This is "the canonical repe .

in separated.
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&
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-
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