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Wectant with a relational
, single-carted , fint-order) language Jo :

is acet to
, equipped with a function

on : 2 ->> N = 40, 1 , 2,3, ... 3 "The ority function

E
. g.: C = (2)

m: -> N

1- 2
infinite

Moreover
,
we anume we have V set Var of variables X

, y ,z

X +, X2, X3,

FORMULAS In THE LANGUAGE To : defined by induction
② ATORIC FORMUHS : R(xy

--.,Xm) , where
REto

, of ocity m

Xy
, ...,
XmEVor (possibly coinciding)

Ex : X1Y a XX



② O and I are formbar (x= x)
L #

If i
is a formle ,

then 14
in a forme

If y and I
are formlor , then 414

and yo are formles.

③If y
in a formle and xeVar, then 17x) 4

and (8X)Y
au famlar.

That's it for formulas .

-

Given a famle y ,
we define the set of free variables of y
FV(e)

by induction

· Fv(R(x+, . . .,xn)) = (x y, . . .,xm]
· Fr(1) = 0



· FV(t) = 0
· Fv(yry) = Fv(y)uFv(y)
· Fv(ye4) = Fv(e)v

=v(y)
· Fv(-y) = Fv(y)
· Fv(7xy) = Fv(y) + (x]
· F v(fxy) = Fv(y) - (x) .

LFF Astence is a formula y with no free variables
i
.

e. such that Fr(y)= 0.

E .g. #x x* x centence

XIX not a centence

↑ X



DEF
. If % in

a culational, single-cented) language , then an

Structure in a setA equipped with aoutset

ar(r)
RA = A

2

for each Relo .

arity
Ax... XA

E . g:
J = 3 =)~

on (R) Times
L-structure

in acet equipped
with a linary
relation.

LofTTH/AL-structur A
,
e foun y , a finitea

variables c .t . FV(e) =X , and a function V :-A
, we define



the expension

"I holde in A under the aniguments"A
,
u + y uTimes

by induction on
the complexity of y.

ExxxA
UK

A
,
VER(Xy, ...,Xm) iff (v (x)

,
·
. .

. V(x)) + RA
v

-->
b Avix\xy,x 2

,xz] q
- M

C

- I

(((x), v(xy))
= A

#
v(x) =v(x2)
" No !

"a



A
,
u = 1 iff tree (i . c

. always)
A
,
r + 0 iff fahre (i

.
e
. ner)

A
,
u + yu4 iff A

, vEy on A
,WFY

A
,
u + y14 iff AUFY and AUFY

A
,
ut < iff not A

, rFY

A
,
w + 7xy iff... -> (if xxx)
:T
A exist net e .

t

. A, w #Y

rXu(x)-> A

y=- yu(y) if yeXI
If x+X) .

Pick
any
vonable =xX

a if y =X

... exists not e .
t. A,rFy[* ) ,when



0Xuh->A

y> (v/y) if
A
,UFFxy iff Crick any

variable zex)

fo all all ret we
have A

, v'FY

v :X (7) ->A

y1\u/y)x
itz

given a centence y, we write

Aty iff A

%
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Propositional symbols are the relation symbols of unity 0.
-

Pet A theory in a language to is a set of entences in
the language Lo ↳ no fre

variables
.

Lef A model of a theory T in a language to in

onGo-stucture est., for every yet, Aty .

Lef (StrANTIC EQUIVALENCE)

Given a theory T , a finite net X of variables and two

formles y, 4 .
t. Fr(y) = X
Fv(y)EX ,

We say
that y andp ar SEMANTICALLY EQUIVALENT module

↑ in context X ,
written



y = Y
if , for every model A of T, for every function v :X-A,

~uky iff A
,UFY

#of CESSENTIALLY, LAWVERE ,1970)
LWVERE defined hyperdoctrine.
This in a voriation .

A first-order Boolean doctrine Cover FinSetP) isI Theory in LI
P(X) : =

set of forlas y
a fructor FimSet = category

I
c .

t
. Fr(y) X/

of finite modulo*
P : FinSet-> BA
-function f:X-Ysett and
Given

fienction
e .

t
. P(f) : P(x) -> P(Y)

/byX

I



⑪ For every XeFinSet , far every yeX , E .g.: f : (x,y) -> 39 ,23
for every yep(Xu (y)) There x+>y

y> 7

in an elementy <P(X) e .t. !
p((x, yb) => P((yiz))

(5y)xy =42 ( =
P(x-Xv(y))(4) x*x +-> yzy

for every 4 P(x)

I
x y +> y5z

im P(X) im P(Xv4y3) Vo(y =z)> (w(z<)

↓
Quote that one such element in Fw(y(w) youga
necessarily unique & -P(xv(y)

E . g. f : (x,y)-> (2)
i

.e. (y)4 in the smallest p s .
t.

y = P(x(>xv(y3)(4)
↳PAXYLXuy)P(X) P(Xu(y))

⑭
p(x-

xv(y)y x 1> x[xy, xx)
I/



Equivalently : the function <[*xx)
P(X-Xv9y3) how a

left adjoint (y)x : P(Xv(y3)+P(X) (n a function between posets).
-

Equivalently
it has a ript adjoint

(fy)x : p(xu(y3)+P(x)i . e
S

for every yep (Xvy3)
there in on element (Fy)xY+P

1 .

t
. for all peP(X) :

P(xxxvyy3)(y)2y)4
=y(xY

② Beck-Chenelley : SUBSITUTIONS CorruTe WITH Quantifiers

For all X
,

X'EFin Set
, for every r :

X->XI
, for every yex,yex

the following commutes



P(x-3y3)E> P(x)
P(uu(y,y))) ↓P(r)

P(xvyl) P(x) E .g.:
X= &x1

,
x2)
,

X1 = 47)
p(Xu(y)) 5 : <x <

, x 13->32]
Y

R(x1
, xc,y) FyR(xy, xz,y)

I ↑
y+ y

R(z
,
+
, y)) FyR(z , 7, y)

III#
7y 'R(7

,
7
,y



Equivalently , I could ask that a similar diagram for commutes
.

P(x-3y3)E> P(x)
P(uu(y,y))) ↓P(r)

P(xv(y)) P(x)

END Of THE SEF.

ihen a first-order theory t in a language - (Crelations
one-sorted

I get a FOBD over FinSetP no egt



It : FinSet-> BA

X# Storer with fre vanil in X3/x
↓ ↓

c[f(yx , x*X]
Y- 1
..... YY/=4

-

Y

One can move that also the convers holds :

every FOBD over Finset in inomoplic To LT+ for rom theory + in come language to



This in for the core -> NO FUNCT SYMB
,

↳ SING15 SoRT
3

↳ NO EQUALITY
,

For equality : further condition.
algelwic Theory
-

A first-order Bool . doctrine ever a category (with finite product

in a functor In our case,

C = FinSet
201-> BA

ONLY RELATIONS, SING2G SORT
,

c .
t

...

Finset = (FinSetop)
op


